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Let q be a power of some prime number p. Let G be a connected reductive group defined
over the field with q elements and let F be the corresponding Frobenius map. In this note,
we give methods to find relations between the restrictions on semisimple elements of the
irreducible characters ofGF . As illustration, we explicitly determine a p-basic set for GL2(q),
GL3(q) and GL4(q).
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1. Introduction
In p-modular representations theory, a possible approach to compute the decomposition matrix of a finite group G is to
use a p-basic set of G. For example, we can find in [9] an illustration of this method. A p-basic set B of G is a subset of Irr(G),
the set of ordinary irreducible characters of G, such that the family {χ̂ | χ ∈ B} is a Z-basis of the Z-module generated
by {χ̂ | χ ∈ Irr(G)}; here χ̂ denotes the restriction of χ to the p-regular elements (that is, the elements of G whose order
is prime to p). This is an open question whether a p-basic set always exists. This conjecture however holds in the following
cases:
• for the sporadic simple groups. We can check it using Gap programs [4];
• for the p-soluble groups, using the Fong–Swan theorem [3, X.2.1];
• for the finite groups of Lie type GF , in the case that p is not equal to the defining characteristic; see [5,6]. The result is
proven when the center of G is connected and p is a good prime for G.
This note is concerned with the p-basic set problem for the finite groups of Lie type in characteristic p. In this case, the
modular structure of such a group is completely different as in the situation that the prime number is not the defining
characteristic. Thus the methods employed in [5,6] cannot be used here.
LetG be a connected reductive group defined over the fieldFqwith q elements (where q is a power of p), and let F : G→ G
be the corresponding Frobenius map. It is clear that if a group has a basic set, its cardinal is the number of p-regular classes
(that is, the conjugacy classes consisting of p-regular elements). In defining characteristic, the p-regular classes of the fixed-
point subgroup GF are the semisimple classes of GF . If we suppose that the center of G is connected and that the derived
group of G is simply connected (this is for example the case for the general linear group GLn(Fp)), the number of semisimple
classes of GF is |Z(G)|ql, where l denotes the semisimple rank of G; see [1, 3.7.6]. There is a way to obtain natural subsets
of irreducible characters of GF with this cardinal: we recall that Lusztig distributes the irreducible characters of GF into
series E(s,GF ); this construction is briefly recalled at the end of Section 2.3. There are |Z(G)|ql such series. If we form a set
consisting of exactly one character of each series, we obtain a subset of Irr(GF ) with cardinal the number of semisimple
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classes of GF . It is a candidate for being a basic set of GF . This is for example the case for the set of regular characters of GF
(see Section 2.3 for the definition). But in fact, these subsets are in general not basic sets; see Remark 2.
Hence, we have to find another direction to prove the existence of a basic set for GF . We propose here the following
approach: first finding ‘‘good relations’’ between the χ̂ and then, obtaining a p-basic set using a counting argument. In this
note, we present a way to obtain some ‘‘good relations’’ between the χ̂ , with χ ∈ Irr(GF ). As an illustration, we construct
a p-basic set for GL2(q), GL3(q) and GL4(q).
This paper is organized as follows. In Section 2, we give some generalities on p-basic sets and we give methods to find
‘‘good relations’’ in the case of a finite group of Lie type in characteristic p. In Section 3, we recall some notation and results
on irreducible characters of GLn(q). Finally in Section 4, we explicitly compute a p-basic set for GLn(q), n = 2, 3, 4.
2. Generalities
2.1. Properties of p-basic sets
Let G be a finite group and p a prime number dividing |G|. We recall that a p-singular element (resp. p-singular class) is
an element of Gwhose order is divisible by p (resp. a conjugacy classes of G consisting of p-singular elements). Let H and K
be two finite groups. If φ (resp. ψ) is a class function on H (resp. on K ), we denote by φ  ψ the class function on H × K
defined by
φ  ψ(h, k) = φ(h)ψ(k) forh ∈ H, k ∈ K .
Note that for any class function f on G, the restriction to p-regular elements f̂ will be tacitly considered to be a function
defined on all of G by letting its values by 0 outside the set of p-regular elements. We recall some elementary facts:
Lemma 2.1. (1) Let B be a p-basic set of G. The number of elements of B is the same as the number of p-regular classes.
(2) If H is a subgroup of G then for every φ ∈ Irr(H) and every χ ∈ Irr(G) we have
ResGH χ̂ = R̂esGHχ and IndGH φ̂ = ÎndGHφ.
(3) Let H and K be two finite groups. If they have a p-basic set BH and BK respectively, then B = {φ  ψ |φ ∈ BH , ψ ∈ BK } is
a p-basic set for H × K .
Definition 1. Let χ1, . . . , χr ∈ Irr(G) and a1, . . . , ar ∈ Z such that
r∑
i=1
aiχ̂i = 0.
We say that this relation is good if χ̂i 6= χ̂j for i 6= j and if at least one of ai is 1. For a given good relation we choose a
character with coefficient 1 and call it a foot of the relation. The other characters are called the components of the relation.
Let R1 . . . Rk be good relationswith footsχ1 . . . χk respectively. If, for each j, the characterχj is not a component of some Ri
where i 6= j, then we say that the relations {Ri} are independent. We denote by s (resp. s′) the number of p-regular classes
(resp. p-singular classes) of G. It is easy to show that
Proposition 2.2. If G has s′ independent good relations such that all foots are distinct then G has a p-basic set. More precisely,
the corresponding p-basic set is the set of irreducible characters that are not foots.
We will now show that p-basic sets are compatible with the p-block structure of G. Let χ ∈ Irr(G); We denote by R the
integral ring of algebraic complex numbers; we recall that the irreducible characters χ andψ lie in the same p-block if and
only if we have
χ(g)|Cl(g)|
χ(1)
≡ ψ(g)|Cl(g)|
ψ(1)
mod pR, (1)
for every p-regular element g in G. Let A be a p-block of G; we denote by Irr(A) the set of irreducible characters lying in A.
We denote by Îrr(A) = {χ̂ |χ ∈ Irr(A)}. We define a p-basic set of Irr(A) analogously. We have:
Lemma 2.3. The group G has a p-basic set if and only if each p-block has a p-basic set. Moreover suppose
∑
χ∈Irr(G) aχ χ̂ = 0
for some complex numbers aχ , then for every p-block A of G we have
∑
χ∈Irr(A) aχ χ̂ = 0.
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2.2. Relations coming from Deligne–Lusztig theory
Let G be a connected reductive group defined over Fq and let F be the corresponding Frobenius map. In the following,
for a rational subgroup H of G (that is F(H) = H), we will denote by HF the finite subgroup of fixed points. For a rational
Levi subgroup L of G, we can define the generalized Deligne–Lusztig induction RGL which associates to every character of L
F a
virtual character ofGF .We refer to [2] for a precise construction.Wedenote by StG the Steinberg character ofGF [1, Section 5].
We can now prove the following result:
Proposition 2.4. Let L be a rational Levi subgroup of G and φ1, . . . , φr ∈ Irr(LF ) such that∑ri=1 aiφ̂i = 0 for some ai ∈ C.
Then we have
r∑
i=1
aiR̂GL (φi) = 0.
Proof. Following [1, 6.5.9], the Steinberg character StL vanishes on p-singular elements. Thus, we have φiStL = φ̂iStL.
Moreover, for every rational Levi L of G and every φ ∈ Irr(LF ), we have [2, 12.18]:
RGL (φ)StG = εGεLIndG
F
LF (φStL) ,
where εG = (−1)rkFq (G) (here rkFq(G) denotes the Fq-rank of G [2, 8.3]). Hence, we deduce that
r∑
i=1
aiRGL (φi)StG =
r∑
i=1
aiεGεLIndG
F
LF (φiStL)
= εGεLIndGFLF
(
r∑
i=1
aiφiStL
)
= εGεLIndGFLF
(
StL
r∑
i=1
aiφ̂i
)
= 0.
We now fix a semisimple element g ∈ GF ; using [1, Th.6.5.9], we have StG(g) 6= 0. Since∑ri=1 aiRGL (φi)(g)StG(g) = 0, it
follows that
∑r
i=1 aiR
G
L (φi)(g) = 0 as required. 
Note that, if L is a split Levi subgroup ofG (that is, a rational Levi subgroup ofG contained in a rational parabolic subgroupP
of G), then RGL (φ) = IndG
F
PF (φ ◦ piL), where piL is the canonical epimorphism from PF onto LF . Hence, thanks to Lemma 2.1,
we have RGL (̂φ) = R̂GL (φ).
We recall that an irreducible character of LF is cuspidal if there does not exist a split Levi subgroup L′ of L such that φ is
a constituent of RLL′(φ
′) for some φ′ ∈ Irr(L′F ).
Proposition 2.5. Let L be a split Levi subgroup of G and let X be a subset of the set of cuspidal characters of LF which satisfies
the following conditions:
• Every φ ∈ X is a foot of a good relation of LF , and the |X | relations obtained in this way are independent;
• For φ ∈ X, we write φˆ = ∑ψ∈A aψ ψˆ for the corresponding good relation. Then for every 1 6= w ∈ NGF (LF )/LF and any
φ′ ∈ X such that φ′ 6= φ, we have wφ′ = φ and wφ′ = ψ for all ψ ∈ A;
• For every φ ∈ X, the restrictions χˆ of the irreducible constituents χ of RGL (φ) are distinct.
Then for every φ ∈ X, there exists a constituent χφ of RGL (φ)which is a foot of a good relation of GF . Moreover, the |X | good
relations thus obtained are independent.
Proof. Let φ ∈ X and ϑ 6= φ (here ϑ ∈ X or ϑ is a component of a relation) satisfying the hypotheses of the proposition.
We first prove that RGL (ϑ) and R
G
L (φ) have no constituent in common. Since for everyw ∈ NGF (L), we have ϑ 6=wφ, it follows
that RGL (φ) 6= RGL (ϑ). If ϑ is cuspidal, we deduce that 〈RGL (φ), RGL (ϑ)〉GF = 0; [1, 9.1.5]. If ϑ is not cuspidal, there exists a
proper split Levi subgroup L′ of L and φ′ a cuspidal character of L′ such that ϑ is a constituent of RLL′(φ
′); [1, 9.1.3]. Since LF
and L′F are not conjugate, it follows from [1, 9.1.5] that 〈RGL (φ), RGL′(φ′)〉GF = 0. However RGL′(φ′) and RGL (φ) are characters,
it then follows that they have no constituent in common. Moreover, RGL (ϑ) occurs in R
G
L′(φ
′). Thus RGL (ϑ) and R
G
L (φ) have no
constituent in common.
Now, using Proposition 2.4, we deduce a relation in GF inducing (for the Harish-Chandra induction) the relation φ̂ =∑
ψ∈A aψ ψ̂ . Using the preceding discussion and the fact that no two restrictions are equal,wededuce that ifϑ is a constituent
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of RGL (φ), then ϑ̂ occurs in the induced relation, with the samemultiplicity as the one ofϑ in R
G
L (φ). But using [7], there exists
a constituent of RGL (φ)withmultiplicity 1.We can choose it as foot for the relation, andwe obtain a good relation. Moreover,
the discussion at the beginning of the proof shows that the good relations obtained in this way are independent. 
2.3. The Gelfand–Graev relation
We suppose that the characteristic is good for G [1, 1.14], and that the center of G is connected. We denote by ΓGF the
Gelfand–Graev character of GF [1, 8.1] and by DG the duality functor of GF [2,8]. The virtual character DG(ΓGF ) has a non-zero
value only on the regular unipotent class [1, 8.3]. Hence we have
D̂G(ΓGF ) = 0.
Definition 2. In the following, we call the above relation the Gelfand–Graev relation of GF .
We briefly recall the Jordan decomposition of Irr(GF ); we refer to [2, Section 13] for an exposition of this theory. We
denote by G∗ the dual of G and by F∗ the Frobenius map corresponding to F . There is a natural bijection
{(T′, θ)}modGF−conjugacy ←→ {(T′∗, s)}modG∗F∗−conjugacy,
where T′ (resp. T′∗) is amaximal rational torus of G (resp. G∗), θ ∈ Irr(T′F ) and s ∈ T′∗F∗ . Wewrite RGT′∗(s) for RGT′(θ) if the pair
(T′∗, s) corresponds to the pair (T′, θ). For every semisimple element s of G∗F
∗
, we define the corresponding rational series
E(s,GF ) as the set of irreducible charactersGF which occur in RGT′∗(s) for some rationalmaximal torus T
′∗ ofG∗. Moreover, we
recall that there exists a bijection ψs : E(s,GF ) → E(1, CG∗(s)F∗). Hence, every irreducible character of G can be uniquely
written as χs,θ , where s is such that χ ∈ E(s,GF ) and θ = ψs(χ). The irreducible characters χs,1 are the semisimple
characters. There are the irreducible constituents of DG(ΓGF ). More precisely, we have [1, 8.3.3,8.4.8]
DG(ΓGF ) =
∑
(s)
εGεCG∗ (s)χs,1, (2)
where the summation runs over the semisimple classes of G∗F
∗
.
Remark 1. Since the constituents of DG(ΓGF ) appear with multiplicity±1, the Gelfand–Graev relation is then a good source
for obtaining good relations. In combination with Lemma 2.3, we will see that it even allows us to obtain several good
relations.
3. The finite group GLn(q)
3.1. Irreducible characters of GLn(q)
Let p be a prime number and n a positive integer. The general linear group G = GLn(Fp) is a connected reductive group
defined over Fp. Let q be a power of p and F the standard Frobeniusmap ofG acting by raising all entries of amatrix to the qth
power. We then have GLn(q) = GF . Let T be the rational maximal torus of diagonal matrices and B the Borel subgroupwhich
consists of upper triangular matrices of G. We denote by h(x1, . . . , xn) the diagonal matrix with entries x1, . . . , xn. The
normalizer N of T is the subgroup of monomial matrices of G.
The irreducible characters of GLn(q) have been computed by Green in [8]. To parametrize them, we use the Jordan
decomposition recalled at the end of Section 2.3. Since G is self-dual, we then identify G and G∗.
Let s be a representative of a semisimple class of GLn(q). Then CG(s)F is isomorphic to a direct product of general linear
groups over extension fields of Fq, where the factors and the degrees of the extension just depend on the eigenvalues of s.
Indeed, there is a partition λ = (1a1 , . . . , kak) with∑ aii = n, and partitions µi = (µi,1, . . . , µi,ri) with∑rij=1 µi,j = ai for
1 ≤ i ≤ k, such that
CG(s)F '
k∏
i=1
GLi(qµi,1)× · · · × GLi(qµi,ri ). (3)
For λ and µ = (µ1, . . . , µk) as above, we denote by Lλ,µ this group. The unipotent characters of Lλ,µ have the form
χ = χ1  · · ·  χ r , where χ i is a unipotent character of a factor appearing on the right-hand side of Eq. (3). However
the set of unipotent characters of GLn(pf ) is in bijection with the irreducible characters of Sn as follows. If w is a class
representative of Sn, we denote by Tw a maximal rational torus of G twisted by w. We set Rw = RGTw (1TFw ). The irreducible
characters of Sn are parametrized by the set of partitions of n. If λ is such a partition, we denote by [λ] the corresponding
irreducible character ofSn. Let [λ] be such a character, then the corresponding unipotent character of GLn(q) is given by
χ [λ] = 1
n!
∑
w∈Sn
[λ](w)Rw. (4)
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Table 1
Semisimple classes of GL2(q)
Representative Number Centralizer
h(γ i, γ j), (i,j)∈D1
1
2 (q− 1)(q− 2) T
h(τ i, τ qi), i∈D(1,2)
1
2 q(q− 1) T(12)
h(γ i, γ i), i∈Z/(q−1)Z q− 1 GL2(q)
3.2. The p-blocks of GLn(q)
We keep the notation of Section 3.1; we have:
Theorem 3.1. Let p be a prime number and n a positive integer. Let q be a power of p. The group GLn(q) has 2(q− 1) blocks.
Precisely:
• There are (q− 1) blocks of defect 0, which are {StG ⊗ λi}, where StG is the Steinberg character of GLn(q) and λi is a linear
character of GLn(q).• There are (q− 1) blocks of maximal defect. Moreover, two irreducible characters χ and ψ of GLn(q) lie in the same block if
and only if for every scalar matrix s of GLn(q) we have
χ(s)
χ(1)
= ψ(s)
ψ(1)
.
Proof. Using themain theoremof [10], the p-blocks of GLn(q) have defect 0 ormaximal defect. Thanks to the Brauer–Nesbitt
theorem, the number of p-blocks of maximal defect is the same as the number of p-regular classes whose centralizer order
is divisible by the order of a p-Sylow subgroup of GLn(q). Furthermore, these classes are exactly the central classes. Indeed,
suppose that s lies in such a class. Since s is semisimple, its centralizer is a Levi subgroup that contains a Borel subgroup.
Therefore, the centralizer of s is GLn(q). Fix now χ and ψ two irreducible characters lying in the same p-block of maximal
defect. Using relation (1), we deduce that, for every central element z, we have
χ(z)
χ(1)
≡ ψ(z)
ψ(1)
mod pR.
Since z is central, there are two roots of unity ξχ and ξψ such that χ(z) = χ(1)ξχ and ψ(z) = ψ(1)ξψ . We then
have ξχ ≡ ξψ mod pR. Suppose that ξχ 6= ξψ , and set ξ = ξχξ−1ψ . We thus have
ξ − 1 ∈ Q(ξ) ∩ pR = p(Q(ξ) ∩ R) = pZ[ξ ].
We then deduce that 1 ∈ pZ[ξ ] + ξ , giving the contradiction. Then ξχ = ξψ , and the result follows. 
4. Some basic sets
We now illustrate the methods described in Section 2. We keep the notation of the preceding sections. We need to fix
some further notation.
We fix an element ξ ∈ F×p (resp. ξ0 ∈ C×) of order q4 − 1 and an element µ ∈ F×p (resp. µ0 ∈ C×) of order q3 − 1. We
set γ = ξ 1+q+q2+q3 (resp. γ0 = ξ 1+q+q2+q30 ) and τ = ξ q2+1 (resp. τ0 = ξ q
2+1
0 ). We choose µ such that µ
1+q+q2 = γ .
Forw ∈ Sn, we set Tw = TFw and T = T1. Note that Tw = L(1n),(w) where (w) is the partition of n obtained from the cycle
decomposition of w. For a partition λ = (1a1 , . . . , kak) of n, we set Lλ = Lλ,((1a1 ),...,(1ar )). Remark that if s is a semisimple
element of GLn(q)with CG(s)F = Lλ, then CG(s) is the rational split Levi subgroup of GLn(Fp).
We set E = {1, . . . , q− 1}.
4.1. Basic set for GL2(q)
4.1.1. Irreducible characters of GL2(q)
The group GL2(q) has q(q − 1) semisimple classes. A system of representatives and the orders of their centralizers are
given in Table 1. We denote by D1 the set of pairs (k, l)with 1 ≤ k, l ≤ q− 1 such that k < l. On the set of pairs of the form
(k, qk) with k ∈ Z/(q2 − 1)Z such that k 6= qk we define the equivalence relation (k, qk) ∼ (l, ql) if k = l or k = ql. We
denote by D(12) a system of representatives of the classes for this relation. Since for every i ∈ E, there is no j ∈ E such that
qi ≡ j mod (q2 − 1), we can identify E with the subset of D(1,2) with representatives 1 ≤ i ≤ q− 1. The group GL2(q) has 2
unipotent characters φ[2] and φ[12]. Let k, l ∈ Z/(q − 1)Z; for every i, j ∈ Z/(q − 1)Z, we set φk,l(h(γ i, γ j)) = γ ik+jl0 . Let
k ∈ Z/(q2 − 1)Z; for every i ∈ Z/(q2 − 1)Z, we set φ′k(h(τ i, τ qi)) = τ ik0 . The choices of Section 3 can be fixed such that
T∗F → Irr (TF ) , h(γ k, γ l) 7→ φk,l and T∗F(12) → Irr(TF(12)), h(τ k, τ qk) 7→ φ′k.
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Table 2
Irreducible characters of GL2(q)
s semisimple φ χs,φ degree
h(γ k, γ l), (k,l)∈D1 1T χk,l q+ 1
h(τ k, τ qk), k∈D(1,2) 1T(12) χ12,k q− 1
h(γ k, γ k), k∈Z/(q−1)Z φ[2] λk 1
φ[12] λ′k q
For every k ∈ Z/(q− 1)Zwe let λk be the linear character of GL2(q) such that λk(h(γ i, γ i)) = γ 2ik0 . Using the description of
Section 3, we give in Table 2 the Jordan decomposition of characters of GL2(q).
4.1.2. A basic set
We keep the above notation.
Theorem 4.1. Let q be a power of a prime number p. We set
B′ = {χ12,k|k ∈ E}.
Then the set B = Irr(GL2(q)) \ B′ is a p-basic set of GL2(q).
Proof. The Gelfand–Graev relation is∑
k∈D(1,2)
χ̂12,k =
∑
k∈Z/(q−1)Z
λ̂k +
∑
(k,l)∈D1
χ̂k,l.
Using Theorem 3.1, it follows that GL2(q) has q− 1 blocks with nontrivial defect. Since
χ12,k(h(γ i, γ i))
χ12,k(1)
= γ ik0 ,
it follows that the values of the characters of B′ on central elements are distinct. Using Theorem 3.1, we thus deduce that
the characters of B′ lie in different blocks. Finally, thanks to Lemma 2.3, we obtain q− 1 relations.
We first suppose that q > 2 and we fix χ12,k ∈ B′. If χ ∈ Irr(GL2(q)) such that χ 6= χ12,k, then χ̂ 6= χ̂12,k; see
the Appendix. Hence, the q − 1 independent relations obtained previously are good with foots χ12,k ∈ B′. Moreover, the
group GL2(q) has q− 1 singular classes. It follows from Proposition 2.2 that B is a p-basic set of GL2(q).
If q = 2, then we need only one relation. In this case, we have χ̂12,0 = 1̂GL2(q) (note that this relation is the Gelfand-Greav
relation). The result follows. 
Corollary 4.2. For k ∈ E, we denote by Ak the set of all i ∈ Z/(q2 − 1)Z such that i ≡ k mod (q− 1); we denote by A′k the
set of pairs (a, b) ∈ (Z/(q− 1)Z)2 such that a+ b ≡ k mod (q− 1) and we denote by A′′k the set of all i ∈ Z/(q− 1)Z such
that 2i ≡ k mod (q− 1). The good relations obtained in Theorem 4.1 are, for every k ∈ E:
χ̂12,k = −
∑
i∈Ak\{k}
χ̂12,i +
∑
(a,b)∈A′k
χ̂a,b +
∑
i∈A′′k
λ̂i. (5)
Remark 2. Suppose that there exists a basic set B of GL2(q) consisting of exactly one character of each Lusztig series. Since
the characters of defect 0 necessarily belong to B, it follows that B is the set of regular characters of GL2(q) (that is, the
constituents of ΓGL2(q)). Hence, the characters which are not in B are the linear characters λi (i ∈ E) of GL2(q). Let bk (k ∈ E)
be the p-blocks of GL2(q). If k is odd, there are no linear characters in bk. It follows that the set {χ̂ |χ ∈ bk, k odd} is linearly
independent. This is in contradiction with Corollary 4.2.
4.2. Basic set for GL3(q)
4.2.1. Irreducible characters of GL3(q)
The group GL3(q) has q2(q − 1) semisimple classes. We give a system of representatives of them in Table 3. The group
GL3(q) has three unipotent characters, φ[3], φ[1
3] and φ[2,1] of degree 1, q3 and q2 + q respectively. We denote by E1 the set
of 3-tuples (i, j, k) such that i < j < k. We set E(1,2) = D(1,2) × Z/(q − 1)Z, where D(1,2) is defined in Section 4.1.1. We
define an equivalence relation on the set of tuples of the form (i, qi, q2i) as follows: (i, qi, q2i) is in relation, with (j, qj, q2j)
if i = j or i = qj or i = q2j. We denote by E(1,2,3) a set of representatives of the classes of this relation. We denote by E2,1 the
set of pairs (i, j) ∈ Z/(q − 1)Z × Z/(q − 1)Z such that i 6= j. Using the notation of Section 3 we give in Table 4 the Jordan
decomposition of characters of GL3(q).
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Table 3
Semisimple classes of GL3(q)
Representative Number Centralizer
h(γ i, γ j, γ k), (i,j,k)∈E1
1
6 (q− 1)(q− 2)(q− 3) T
h(τ i, τ qi, γ j), (i,j)∈E(1,2)
1
2 q(q− 1)2 T(12)
h(µi, µqi, µq
2 i), i∈E(1,2,3)
1
3 q(q− 1)(q+ 1) T(1,2,3)
h(γ i, γ i, γ j), (i,j)∈E2,1 (q− 1)(q− 2) L(2,1)
h(γ i, γ i, γ i), i∈Z/(q−1)Z q− 1 GL3(q)
Table 4
Irreducible characters of GL3(q)
s semisimple φ χs,φ degree
h(γ i, γ j, γ k), (i,j,k)∈E1 1T χi,j,k (q+ 1)(q2 + q+ 1)
h(τ i, τ qi, γ j), (i,j)∈E(1,2) 1T(12) χ12,i,j (q− 1)(q2 + q+ 1)
h(µi, µqi, µq
2 i), i∈E(1,2,3) 1T(123) χ123,i (q− 1)2(q+ 1)
h(γ i, γ i, γ j), (i,j)∈E2,1 1L(2,1) χ21,0,i,j q
2 + q+ 1
StL(2,1) χ21,1,i,j q(q
2 + q+ 1)
h(γ i, γ i, γ i), i∈Z/(q−1)Z φ[3] λi 1
φ[13] λ′i q3
φ[2,1] λ′′i q2 + q
4.2.2. A basic set
We now show that GL3(q) has a p-basic set.
Theorem 4.3. Let p a prime number, and q a power of p. If we set
C ′ = {χ12,i,j|i, j ∈ Z/(q− 1)Z} ∪ {χ123,i|i ∈ Z/(q− 1)Z},
then the set C = Irr(GL3(q)) \ C ′ is a p-basic set for GL3(q).
Proof. Using the character table of GL3(q), we remark that for every q, if χ ∈ C ′, then χ̂ ′ 6= χ̂ for every χ ′ ∈ Irr(GL3(q));
see the Appendix. The group GL3(q) has q(q− 1) singular classes. We have to find q(q− 1) independent good relations. The
split Levi subgroup L(2,1) is isomorphic to GL2(q)× GL1(q). The cuspidal characters of this group are the χ ′i  α for i ∈ D(1,2)
and α ∈ Irr(GL1(q)). Using the good relations obtained in the proof of Theorem 4.1, we have (q − 1)2 independent good
relations in L(2,1) with foots χ ′i  α for χ
′
i ∈ B′ and α ∈ Irr(GL1(q)). Note that NGL3(q)(L(2,1)) = L(2,1), thus the conditions of
Proposition 2.5 are satisfied.We thenobtain (q−1)2 independent good relations ofGL3(q). Since the charactersRGL3(q)L(2,1) (χ ′iα)
are irreducible, we can choose these characters as foots of the relations. Such characters are the characters denoted by χ12,i,j
for i ∈ E in Table 4. Moreover, the Gelfand–Graev relation is∑
k∈E(1,2,3)
χ̂123,k =
∑
(i,j)∈E(1,2)
χ̂12,i,j −
∑
(k,l,m)∈E1
χ̂k,l,m −
∑
(k,l)∈E2,1
χ̂21,0,k,l −
∑
k∈E
λ̂k.
Since the characters χ123,i (i ∈ E) belong to different p-blocks of GL3(q) (it comes from Theorem 3.1, because for every fixed
central element z, the values χ123,i(z) are distinct), we deduce from Lemma 2.3 that they are foots of q − 1 independent
good relations. Since the χ123,i’s are not components of any good relations obtained from the Harish-Chandra induction
of L(2,1) (because the χ123,i’s are cuspidal characters of GL3(q)), it follows that the good relations obtained in the two ways
are independent. We then obtain q− 1+ (q− 1)2 = q(q− 1) independent good relations. Using Proposition 2.2, the result
follows. 
4.3. Basic set for GL4(q)
4.3.1. Irreducible characters of GL4(q)
The group GL4(q) has q3(q − 1) semisimple classes. A system of representatives and the order of their centralizer are
given in Table 5. For the notation in Table 5, we set:
F1 = {(i, j, k, l) ∈ E4 | i < j < k < l},
F(1,2) = D(1,2) × D1,
F(1,2,3) = E(1,2,3) × E,
F(1,2)(3,4) = {(k, l) ∈ D2(1,2) | k 6= l}∼1 ,
F(1,2,3,4) = {k ∈ Z/(q4 − 1)Z | k 6≡ q2k mod q4 − 1}∼2 ,
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Table 5
Semisimple classes of GL4(q)
Representative Number Centralizer
h(γ i, γ j, γ k, γ l), (i,j,k,l)∈F1
1
24 (q− 1)(q− 2)(q− 3)(q− 4) T
h(τ i, τ qi, γ j, γ k), (i,j,k)∈F(1,2)
1
4 q(q− 1)2(q− 2) T(1,2)
h(µi, µqi, µq
2 i, γ j), (i,j)∈F(1,2,3)
1
3 q(q− 1)2(q+ 1) T(1,2,3)
h(τ i, τ qi, τ j, τ qj), (i,j)∈F(1,2)(3,4)
1
8 q(q− 1)(q− 2)(q+ 1) T(1,2)(3,4)
h(ξ i, ξ qi, ξ q
2 i, ξ q
3 i), i∈F(1,2,3,4)
1
4 q
2(q+ 1)(q− 1) T(1,2,3,4)
h(γ i, γ i, γ j, γ k), (i,j,k)∈F2,12
1
2 (q− 1)(q− 2)(q− 3) L(2,12)
h(γ i, γ i, γ j, γ j), (i,j)∈F22
1
2 (q− 1)(q− 2) L(22)
h(γ i, γ i, γ i, γ j), (i,j)∈F3,1 (q− 1)(q− 2) L(3,1)
h(τ i, τ qi, γ j, γ j), (i,j)∈F ′
2,12
1
2 q(q− 1)2 L(2,12),µ1
h(τ i, τ qi, τ i, τ qi), i∈F ′
22
1
2 q(q− 1) L(22),µ2
h(γ i, γ i, γ i, γ i), i∈Z/(q−1)Z q− 1 GL4(q)
F2,12 = {(i, k, l) ∈ E3 | k 6= i, l 6= i, l < k},
F22 = D1,
F3,1 = E × E,
F ′2,12 = E(1,2) × E,
F ′22 = E(1,2).
Here, the relation ∼1 (resp. ∼2) is defined by (k, l)∼1(k′, l′) (resp. k∼2 k′) if and only if (k′, l′) = (k, l) or (k′, l′) = (l, k)
(resp. k′ = qik for some integer i).
Recall that the subgroup L(2,12) is isomorphic to GL2(q) × GL1(q)2. We denote by ψ0 = φ[2]  1GL1(q)2 and ψ1 =
φ[12]  1GL1(q)2 its unipotent characters.
The subgroup L(22) is isomorphic to GL2(q)
2. Its unipotent characters are ψ ′0 = φ[2]  φ[2], ψ ′1 = φ[2]  φ[12],
ψ ′2 = φ[12]  φ[2] and ψ ′3 = φ[12]  φ[12].
The subgroup L(3,1) is isomorphic to GL3(q) × GL1(q). Its unipotent characters are denoted by ψ ′′0 = φ[3]  1GL1(q),
ψ ′′1 = φ[13]  1GL1(q) and ψ ′′2 = φ[2,1]  1GL1(q).
We set µ1 = ((1), (2)). The subgroup L(2,12),µ1 is isomorphic to GL2(q) × GL1(q2). We denote by α0 = φ[2]  1GL1(q2)
and α1 = φ[12]  1GL1(q2) its unipotent characters.
We set µ2 = ((2)). The subgroup L(22),µ2 is isomorphic to GL2(q2). We denote by α′0 = φ[2] and α′1 = φ[1
2] its unipotent
characters (note that in the last case, the parameter is q2).
We denote by φ[4], φ[14], φ[2,12], φ[22] and φ[3,1] the unipotent characters of GL4(q) indexed with irreducible characters
ofS4 as described in Relation (4). They are of degree 1, q6, q3(q2 + q+ 1), q2(q2 + 1) and q(q2 + q+ 1) respectively. Using
the results of Section 3 we give in Table 6 the Jordan decomposition of characters of GL4(q). To simplify the notation, the
representatives of the semisimple classes are replaced by the set index.
4.3.2. Relations coming from the split Levi subgroups
Lemma 4.4. We suppose that q > 2. There are 12q(q − 1)(2q − 1) independent good relations in GL4(q). The foots are the
characters χ12,i,j,k (for i ∈ E) the characters χ123,i,j (for i ∈ E), the characters χ ′211,0,i,j (for i ∈ E), the characters χ ′22,0,i
(for i ∈ E), and the characters χ ′i,j (for i ∈ E).
Proof. We remark that, if χ is one of the characters appearing in statement of Lemma 4.4, we have χ̂ ′ 6= χ̂ for every
χ ′ ∈ Irr(GL4(q)); see the Appendix.
The characters χ123,i  α with χ123,i ∈ Irr(GL3(q)) and α ∈ Irr(GL1(q)) are the cuspidal characters of L(3,1). Moreover,
the characters RGL4(q)L(3,1) (χ123,i  α) are irreducible and distinct (because we have NGL4(q)(L(3,1)) = L(3,1)). Using the (q − 1)
independent good relations obtained in Theorem 4.3 from the Gelfand–Graev relation of GL3(q), we obtain (q − 1)2
independent good relations in L(3,1) with foots χ123,i  α, where χ123,i ∈ C ′. Using Proposition 2.5, we obtain (q − 1)2
independent good relations with foots RGL4(q)L(3,1) (χ123,i  α) (χ123,i ∈ C ′). Such characters are the χ123,i,j for i ∈ E.
The characters χ12,l  α  α′ with χ12,l ∈ Irr(GL2(q)) and α, α′ ∈ Irr(GL1(q)) are the cuspidal characters of the split Levi
subgroup L(2,12). We have
RGL4(q)L
(2,12)
(χ12,l  α1  α2) = RGL4(q)L
(2,12)
(χ12,l′  α′1  α
′
2)
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Table 6
Irreducible characters of GL4(q)
s semisimple φ χs,φ degree
(i, j, k, l) ∈ F1 1T χi,j,k,l (q2 + 1)(q2 + q+ 1)(q+ 1)2
(i, j, k) ∈ F(1,2) 1T(1,2) χ12,i,j,k (q− 1)(q+ 1)(q2 + q+ 1)(q2 + 1)
(i, j) ∈ F(1,2,3) 1T(1,2,3) χ123,i,j (q− 1)2(q+ 1)2(q2 + 1)
(i, j) ∈ F(1,2)(3,4) 1T(1,2)(3,4) χ ′i,j (q2 + 1)(q− 1)2(q2 + q+ 1)
i ∈ F(1,2,3,4) 1T(1,2,3,4) χ1234,i (q+ 1)(q2 + q+ 1)(q− 1)3
(i, j, k) ∈ F2,12 ψ0 χ211,0,i,j,k (q+ 1)(q2 + 1)(q2 + q+ 1)
ψ1 χ211,1,i,j,k q(q+ 1)(q2 + 1)(q2 + q+ 1)
(i, j) ∈ F22 ψ ′0 χ22,0,i,j (q2 + 1)(q2 + q+ 1)
ψ ′1 χ22,1,i,j q(q2 + 1)(q2 + q+ 1)
ψ ′2 χ22,2,i,j q(q2 + 1)(q2 + q+ 1)
ψ ′3 χ22,3,i,j q2(q2 + 1)(q2 + q+ 1)
(i, j) ∈ F3,1 ψ ′′0 χ31,0,i,j (q+ 1)(q2 + 1)
ψ ′′1 χ31,1,i,j q3(q+ 1)(q2 + 1)
ψ ′′2 χ31,2,i,j q(q+ 1)2(q2 + 1)
(i, j) ∈ F ′
2,12
α0 χ
′
211,0,i,j (q− 1)(q2 + 1)(q2 + q+ 1)
α1 χ
′
211,1,i,j q(q− 1)(q2 + 1)(q2 + q+ 1)
i ∈ F ′
22
α′0 χ
′
22,0,i (q− 1)2(q2 + q+ 1)
α′1 χ
′
22,1,i q
2(q− 1)2(q2 + q+ 1)
i ∈ Z/(q− 1)Z φ[4] λi,0 1
φ[14] λi,1 q6
φ[22] λi,2 q2(q2 + 1)
φ[3,1] λi,3 q(q2 + q+ 1)
φ[2,12] λi,4 q3(q2 + q+ 1)
if and only if l = l′ and α1 = α′1, α2 = α′2 or α1 = α′2, α2 = α′1. Moreover, if α 6= α′, then the character RGL4(q)L
(2,12)
(χ12,l α α′)
is irreducible. If α = α′, then we have
RGL4(q)L
(2,12)
(χ12,l  α  α) = χ ′211,0,l,j + χ ′211,1,l,j, (6)
for some j ∈ Z/(q−1)Z. Using the basic set of GL2(q) obtained in Theorem 4.1 and Proposition 2.5, we obtain 12 (q−1)2(q−
2)+(q−1)2 = 12q(q−1)2 independent good relations in GL4(q).We can choose as foots the RGL4(q)L(2,12)(χ12,lαα
′)withα 6= α′
and χ12,l ∈ B′ (these characters are the χ12,l,j,k ∈ Irr(GL4(q)) such that l ∈ E) and the χ ′211,0,l,j (for l ∈ E).
The characters χ12,k  χ12,l with χ12,k, χ12,l ∈ Irr(GL2(q)) are the cuspidal characters of L(22). Moreover, we have
RGL4(q)L
(22)
(χ12,k  χ12,l) = RGL4(q)L
(22)
(χ12,k′  χ12,l′)
if and only if k = k′ and l = l′ or k = l′ and l = k′. Then for k 6= l, the character RGL4(q)L
(22)
(χ12,k χ12,l) is irreducible (we obtain
in this way the characters denoted by χ ′k,l in Table 6). Moreover, for k = l, we have
RGL4(q)L
(22)
(χ12,k  χ12,k) = χ ′22,0,k + χ ′22,1,k.
As previously, we use the basic set of GL2(q). We fix k ∈ E.
If l 6∈ E, we then obtain 12 (q− 1)2(q− 2) independent good relations with foots χ ′k,l (with k ∈ E and l 6∈ E).
Let l ∈ E. If l 6= k, the pairs (l, k) and (k, l) give the same good relations. Adding the relations obtained for l = k, we
obtain in this way 12 (q− 1)(q− 2)+ (q− 1) good relations, with foots χ ′k,l (with k, l ∈ E and k 6= l) and χ ′22,0,k (with k ∈ E)
respectively. Some components of these relations are foots of relations obtained before. After having replaced these foots
by their corresponding relations, we obtain 12 (q− 1)(q2 − 2q+ 2) independent good relations.
Since all foots come from cuspidal characters of Levi subgroups, it follows that all the relations are independent. We then
obtain 12q(q− 1)(2q− 1) independent good relations. 
4.3.3. Relations coming from the non-split Levi subgroup of type (22)
There is a non-split F-stable Levi subgroup L(22),µ2 of GL4(Fp) conjugate to L(22) = GL2(Fp)× GL2(Fp) such that
LF
(22),µ2
= L(22),µ2 .
We define a Frobenius map F˜ on L(22) by setting F˜(x, y) = (F(y), F(x)). Since F˜ acts on L(22) as F acts on L(22),µ2 , the groups
L(22),µ2 and L˜
F
(22) are isomorphic. Composing with the isomorphism
GL2(q2)→ L˜F(22), x 7→ (x, F(x)),
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we obtain an isomorphism between LF
(22),µ2
andGL2(q2) as described in Relation (3). TheWeyl groupW of L(22) is isomorphic
to S2 × S2 and the F˜-classes of W have (1, 1) and (τ , 1) as representatives, where τ is the transposition in S2. The
corresponding F˜-stable maximal tori T1,1 and Tτ ,1 are such that
T˜F1,1 ' {(h(t1, t2), h(tq1 , tq2))| t1, t2 ∈ F×q2},
T˜Fτ ,1 ' {(h(t, tq
2
), h(tq, tq
3
))| t ∈ F×
q4
}.
The torus T1,1 (respectively Tτ ,1) is GL4(q)-conjugate to T(1,2)(3,4) (resp. T(1,2,3,4)); it is sufficient to conjugate it with
s2 ∈ GL4(q). To describe the irreducible characters of L(22),µ2 , we use the same notation as in Table 2 (where the parameter
is now q2); we denote D1(q2) and the corresponding parameter sets by D1(q2) and D(1,2)(q2).
Lemma 4.5. The cuspidal characters of L(22),µ2 are, for every i ∈ D(1,2)(q2):
χ12,i = R
L
(22),µ2
T(1,2,3,4)
(ξ i, ξ qi, ξ q
2 i, ξ q
3 i).
We have RGL4(q)L
(22),µ8
(χ12,i) = χ1234,i. Moreover, we have
RGL4(q)L
(22),µ2
(χ12,i) = RGL4(q)L
(22),µ2
(χ12,j)
for some i, j ∈ D(1,2)(q2) if and only if j = i or j = qi.
Moreover, we have
Lemma 4.6. For every i, j ∈ D1(q2), we have
χi,j = R
L
(22),µ2
T(1,2)(3,4)
(τ i, τ qi, τ j, τ qj).
Moreover
• If i 6= iq, i 6= jq, j 6= jq and j 6= iq then RGL4(q)L
(22),µ2
(χi,j) = χ ′i,j.
• If i 6= iq and j = iq, then RGL4(q)L
(22),µ2
(χi,j) = χ ′22,0,i + χ ′22,1,i.
• If i = qi and j 6= jq, then RGL4(q)L
(22),µ2
(χi,j) = χ ′211,0,j,i − χ ′211,1,j,i.
• If i 6= qi, j = jq and i 6= j, then RGL4(q)L
(22),µ2
(χi,j) = χ ′211,0,i,j − χ ′211,1,i,j.
• If i = qi, j = jq and i 6= j, then we have:
RGL4(q)L
(22),µ2
(χi,j) = χ22,0,i,j − χ22,1,i,j − χ22,2,i,j + χ22,2,i,j.
We remark that we have
RGL4(q)L
(22),µ2
(χi,j) = RGL4(q)L
(22),µ2
(χi′,j′)
for some pairs (i, j), (i′, j′) ∈ D1(q2) if and only if (i′, j′) = (i, j) or (i′, j′) = (qi, j) or (i, qj) or (qi, qj).
Proposition 4.7. There are 12 (q− 1)(q+ 2) independent good relations that come from relations in L(22),µ2 . The foots of these
relations are a subset of the cuspidal characters of GL4(q).
Proof. The group L(22),µ2 has q
2 − 1 independent good relations with foots χ12,k (1 ≤ k ≤ q2 − 1); see Theorem 4.1
applied to GL2(q2). Precisely, with the notation of Corollary 4.2 adapted to the parameter q2, we have Relation (5). We
fix such a relation with foot χ12,k. Then χ12,qk is a component of the relation if and only if qk ≡ k mod q2 − 1.
Suppose k 6= qk mod q2 − 1. Inducing (using Deligne–Lusztig induction) the relation, we deduce from Proposition 2.4
that
χ̂1234,k = −
∑
i∈Ak\{k}
χ̂1234,i + ϕ̂,
where ϕ̂ has no constituent equal to χ̂1234,k, and χ̂1234,i 6= χ̂1234,k for every i ∈ Ak \ {k}. We obtain in this way 12q(q − 1)
independent good relations, because the relations with foots χ12,k and χ12,k′ (with k′ ≡ qk mod q2 − 1) give the same
relation in GL4(q).
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Suppose now that k ≡ qk mod q2 − 1. Let i 6∈ {qk, k} such that i ≡ k mod q2 − 1, then we have qi ≡ k mod q2 − 1. It
follows that χ12,i and χ12,qi are components of the relation. If χa,b is a component of the relation, then a+b ≡ k mod q2−1.
It follows that q(a+ b) ≡ qk ≡ k mod q2 − 1. Hence, χqa,qb is a component of the relation. Similarly, if 2i ≡ k mod q2 − 1,
then 2iq ≡ k mod q2 − 1. It follows that in the induced relation, all components appear with even multiplicity, and the
R̂GL4(q)L
(22),µ2
(χ12,i)with multiplicity 2. In this way we get (q− 1) independent good relations. The result follows. 
4.3.4. More relations
We set L = GL2(q)× T(3,4) ⊆ L(22), where T(3,4) denotes the Coxeter torus of GL2(q). This group is a fixed-point subgroup
of a rational non-split Levi subgroup GL4(Fp)-conjugate to L(2,12) = GL2(Fp)× GL1(Fp)2.
Lemma 4.8. The irreducible characters χ ′211,0,l,i and χ
′
211,1,l,i (l ∈ E) are the foots of 2(q − 1)2 independent good relations
of GL4(q).
Proof. We fix i ∈ Z/(q− 1)Z and l ∈ E. We denote by s a semisimple element in L conjugate in GL4(Fp) to h(τ l, τ ql, γ i, γ i).
We then have s ∈ T(1,2) × T(3,4) ' T(1,2)(3,4). Since
RLT(1,2)(3,4)(s) = R
GL2(q)
T(1,2)
(
h(τ l, τ ql)
)
 RGL2(q)T(3,4)
(
h(γ i, γ i)
)
,
we obtain a relation in L using the Gelfand–Graev relation of GL2(q) (see the proof of Theorem 4.1 for a precise description
of the relation). Applying Deligne–Lusztig induction from L to GL4(q)we deduce from Proposition 2.4∑
k∈D(1,2)
R̂GL4(q)T(1,2)(3,4)(τ
k, τ qk, γ i, γ i) =
∑
(a,b)∈D1
R̂GL4(q)T(3,4) (γ
a, γ b, γ i, γ i)
+ 1
2
q−1∑
j=1
(̂
RGL4(q)T(3,4)
(
h(γ j, γ j, γ i, γ i)
)+ R̂GL4(q)T(1,2)(3,4) (h(γ j, γ j, γ i, γ i))) .
Since h(τ l, τ ql, γ i, γ i) ∈ L(2,12), we proceed similarly for RGL4(q)T[1,2) (h(τ l, τ ql, γ i, γ i)). We obtain a relation in GL4(q) (note that
this relation is the same as the one obtained in the proof of Lemma 4.4 in L(2,12) for α
′ = α). Adding these two relations, we
obtain:∑
k∈D(1,2)
χ̂ ′211,0,k,i =
∑
k6=i
(χ̂22,0,k,i + χ̂31,0,i,k + χ̂32,2,i,k)+
∑
a<b,i6∈{a,b}
χ̂211,0,i,a,b + λ̂i,0 + λ̂i,2 + λ̂i,3.
The characters of the set {χ ′211,0,l,i}l∈E are in distinct p-blocks of GL4(q), then using Lemma 2.3, we obtain (q−1) independent
good relationswith footsχ211,0,l,i, for each i ∈ E. Summing up, it gives (q−1)2 independent good relationswith footsχ ′211,0,l,i
(l, i ∈ E).
If we subtract the two preceding relations, we obtain in the same way (q − 1)2 independent good relations with foots
χ ′211,1,l,i. Finally, this gives 2(q− 1)2 good relations that are independent. 
4.3.5. A basic set
We keep the same notation as in the preceding sections.
Theorem 4.9. The finite group GL4(q) for q a power of a prime number p has a p-basic set.
Proof. The number of p-singular classes of GL4(q) is q(q − 1)(q + 1). We denote by D′ the union of the set of characters
appearing in statement of Lemmas 4.4 and 4.8, and in the proof of Proposition 4.7. Using the character table of GL4(q), we
show that if χ ∈ D′, then for every irreducible character χ ′ of Irr(GL4(q)) distinct of χ , we have χ̂ 6= χ̂ ′; see the Appendix.
Suppose that q > 2. The independent good relations found in Lemma 4.4 and those found in Lemma 4.8 are not
independent. The dependent relations are thosewith footsχ ′211,0,l,j.We then obtain
1
2q(q−1)(2q−1)+(q−1)2 independent
good relations in this way. The foots and the components of these relations are never cuspidal characters of GL4(q). Thus
the independent good relations obtained in Proposition 4.7 are independent from the preceding ones. We get
1
2
q(q− 1)(2q− 1)+ (q− 1)2 + 1
2
(q− 1)(q+ 2) = q(q− 1)(q+ 1)
independent good relations in GL4(q). Thanks to Proposition 2.2, the result follows.
If q = 2, we check using Gap [4] that the set
{λ0,0, λ0,1, λ0,2, λ0,3, λ0,4, χ123,1,1, χ1234,1, χ ′22,0,1}
is a basic set of GL4(2). 
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5. Some remarks
It would be interesting to apply this method to find a basic set for GLn(q) for every n by induction (because the proper
Levi subgroups are isomorphic to direct products of smaller groups of the same type). We now discuss some difficulties and
questions to solve.
• We have to determine all relations in LF which have a cuspidal character of LF as a foot. For example, there are q − 1
such relations in GL2(q) and GL3(q) and 12 (q− 1)(q+ 2) in GL4(q). If L is split, we have to find a maximal subset X which
satisfies the hypotheses of Proposition 2.5. A difficulty to do this in general appears already in the proof of Lemma 4.4.
• If L is non-split, it is not clear that RGL (φ) for a foot φ ∈ Irr(LF ) has always a constituent with multiplicity 1. We do not
have a proposition of the same type as Proposition 2.5 in the split situation. For the non-split Levi subgroup of type (22)
in GL4(q), we used explicitly the relations (and arithmetical conditions).We do not know if there is a systematic approach
to treat this case.
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Appendix
For the convenience of the reader, we explain why the irreducible characters appearing in Theorems 4.1 and 4.3, and in
the proof of Theorem 4.9 are uniquely determined by their values on semisimple elements. The character table of GL2(q),
GL3(q), and GL4(q) are described in [11].
Lemma A.1. Let B′ and C ′ be as in the statement of Theorems 4.1 and 4.3 respectively. We suppose that q 6= 2 for GL2(q), and
q is any power of p for GL3(q). For χ ∈ B′ (resp. χ ∈ C ′), we have χ̂ ′ 6= χ̂ for every χ ′ ∈ Irr(GL2(q)) (resp. Irr(GL3(q))).
Proof. Two characters of GF have the same type if their Jordan decomposition is χs,φ and χs′,φ respectively, with CG∗(s) =
CG∗(s′). In particular we have χs,φ(1) = χs′,φ(1). From now on, G is GL2(Fp) or GL3(Fp), and F the Frobenius map as above.
Except for GL2(2), every irreducible character of GL2(q) and GL3(q) of different type have distinct degree.
To prove the result, it is sufficient to prove that if χ ∈ B′ (resp. C ′), then every character χ ′ with the same type as χ is
such that χ̂ ′ 6= χ̂ . The irreducible characters appearing in B′ and C ′ are Deligne–Lusztig characters RGT (θ) for some rational
maximal torus T, and θ ∈ Irr(GF ) in general position. Then the irreducible characters ofGF which have the same type as RGT (θ)
are the characters RGT (θ
′)with θ ′ in general position. Let g ∈ GF . Wewrite g = su its Jordan form (that is, s is semisimple, u is
unipotent, and su = us). We suppose that RGT (θ)(s) = RGT (θ ′)(s). We write C = CG(s). For every x ∈ GF such that x−1sx ∈ TF ,
we have RC
xTx−1(1CF )(u) = RCT (1CF )(u). Hence applying [1][7.2.8, 7.5.3] we deduce that
RGT (θ)(su) =
RCT (1CF )(u)|TF |εGεC
|C F |p′ R
G
T (θ)(s).
It follows that RGT (θ)(su) = RGT (θ ′)(su), and the result follows. 
Lemma A.2. Let D′ be as in proof of Theorem 4.9. If χ ∈ D′, then we have χ̂ ′ 6= χ̂ for every χ ′ ∈ Irr(GL4(q)).
Proof. Suppose that q > 3. Let χ ∈ D′. Then the only irreducible characters of GL4(q) which have the same degree as χ ,
are the characters with the same type as χ . Using the argument of the proof of Lemma A.1, we show that the χ̂1234,k’s, the
χ̂123,i,j’s, and the χ̂ ′i,j’s are distinct. Using the explicit values of χ
′
22,0,i, it is not difficult to show that the χ̂1234,k’s are distinct.
For the characters χ12,i,j,k, we cannot apply the argument of the proof of Lemma A.1 for the elements g = su with
CG(s) ' GL2(Fp) × GL2(Fp). We fix such g = su. Using the values of the character table of GL4(q), we prove that if
χ12,i,j,k(x) = χ12,i′,j′,k′(x) for any semisimple element x of GL4(q) such that CG(x) is isomorphic to GL3(Fp) × GL1(Fp) or
to GL2(Fp)× GL2(Fp), then χ12,i,j,k(g) = χ12,i′,j′,k′(g). Hence, χ̂12,i,j,k = χ̂12,i′,j′,k′ implies χ12,i,j,k = χ12,i′,j′,k′ . We proceed in
the same way for χ ′211,0,i,j and χ
′
211,1,i,j.
If q = 2 or q = 3, then using Gap [4], we show that the result holds. 
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